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Lecture 3

Recall : k a field, A a lsmak) dg k
- category , e.g. a dog algebra or ordinary algebra .

It has a Hochschild cochain complex CIA, A) and H
◦

CIA,A) = HH°(A) = 2-(d)
.

CIA, Al carries a Bo-structure and therefore HH
*

(AA) carries a Cupproduct

Gerstenhaber bracket
.

3.2 Singularity categories
A a right Noetherian k- algebra , e.g. RIX, , . .> Xn]/I

modA = cat
. of finitelygenerated fright) A-modules

DblmodA) = bounded derived category
V1

petal = perfectderived category = thick/Aa) C- DblmodA)
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sgla) = Dblmodal/putti (Verdierquotient)

= stable derived cat
.

(BuchWeitz 1986)

=

singularity cat. (Orlov 2003)

Rk: sg/A)
= 0 if A is

"

smooth
"

(i.e.gloomAe-)

←
also called

"
Tate - Hochschild cohomology

"

Assume Ae = A☒AT is also Noetherian .

in any
obvious wayDef. : HHs*g/At = singular Hochschildwhom.

: = Ext*sg(ae, 1A, A) . ↓
Rk: Nothard: HH*sglA) is stillgraded commutative . But sg /Ae) is not monoidal .

Thm (2-hengFang Wang): a) HHs*g/A) carries a natural (butvery intricate!)

Gerstenhaber bracket 12015) .

b) There is a canonical Bj algebra Csg /A.At computing HH*sglA1 12018).



R. Kaufmann,1969-
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Rh : Key tool for b) : R. Kaufmann 's spineless cacti opened 120071.

R
. Kaufmann 120021 2-

. Wang 12018)

Rh : So we have a complete structural analogy between singular and classical Hochsch. cohomology .

This suggests that HHs*g might be an instance of HH
"

.
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Main Thm : There is a canonical algebra morphism can. dgenh. ofsgla)

¥: HH*sglA1 - 1-11-1*1sgigal)
which is "

usually
" invertible leg. if chart--0 andA is commutative).

Rks:DIt is not invertible if k ≤ A is a finite inseparable field extension . Then 4-15=10,121-15-0.

2) The LHS is computable , the RHS is conceptually pleasing .

Conj. : This C.isomorphism lifts to the Bj level.

Thm (Chen -Li- Wang) : True for A=kQ/(KQT, Qa finite quiver.

Example : On : ① ⇒ ka/that = tie]/(ez) .
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Isom
. of the main than : U= Ddgb/modal, F- sgag (A) .

We have dg functors
A↳ µ P_ I

, poi ≈ 0

⑤(moda☒an €É%1A☒M%) ¥4
"

@we•Mom

top)*↓
sg/A☒A%)

- - - - - - - - - →@(yceyop,
① 6

A '
induces an item . in Ext

* !
° &

✓
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4.3 Application : reconstruction theorems for singularities , with Zheng Hua

4.3.1 Hypersurface singularities

Thm1 (Hua-k) : S = ①Ex,, . .,xnI - 12--5/If) isolated singularity .

Then R is determined (up to Isom.) by dimR and sgdglrl.

Sketch ofproof: Main

2-lsgq.IR/)--HtPlsgglRl)-HH5glR)Thm
matrix

, Eisenbud
'
80

S/(f. ¥, , . .,%n ) fact.
"

- HH
"
IR)

- HH"(R) ,
fr>>0

Tyurina alg.
-

BACH Buchweit-286 %
1992

drink and the Tyurina algebra determine R up to isomorphism (Mather -Yau 1982) . j
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""" """"ⁿᵈ °" """%"""""" "y
k = E

,
Ra complete local isolated CDV singularity c.

(3-chin
. ,
normal

, generic hyperplane section is Duval = Kleinian)
f

f:b→ ✗= Speck a small coupant resolution (birational, isom.

small# crepant specR
outside the exc. fiber, isom.in Odem. 1

, f*(w✗ ) = Wy ) .

F= reduced exc. fibre : a tree of rat. curves F= ①Ci contracted by f.c-= I

Associated 1dg) algebras (of. below) :

◦ contraction algebra A 1Donovan - Wemyss , 2013) .

◦ derived contraction algebra T



←
1-1%7--0

, Xp>0

Thmddef. : a) There is a can. connective dg algebra which

c.

pro
- represents the noncom. deformations (noncom.

base
,
Lauda/

'
02)

lot
of ¥,Gc, in ⑥(ohY) [Efimov- Lun-1s - Orlov 2010]. Esper

b) HOT is isomorphic [Hua-] to N which represents

the noncom. deformations of be
,
in 6h19) [Donovan- Wemyss, 2013]

i= I

Rks : 1) A is finite - dem.
(like the Tyurina algebra) but noncommutative .

Reid's width
, bidegree ofnormalbundleMoreover

,
HPT is fin, dem. tpEZ . ↓ ←

Katz 'genus0 60pA
Kumar -Wafa inv.

↓

2) A determines many
invariants of R IDW/3

,
Toda '14

,
Hua- Toda '16

, . . . )

conj. (DW
'

13) : The derived equiv. class of^ determines R itself hep to isomorphism) .



http://portal.math.ipm.ir/PagesEvents/DisEventsHome.aspx?
esbu=55eed02e-1bcc-4271-9c1e-73bde7da3dfb

←
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Thin 2 (Hua - ): The derived eq. . class of
P determines R

.

cluster category /Amiot
'
10)

strategy : show that I

sg (R)
-
_ Cp ÷ perp/@ tap

←
"*Moffinite total dens.

even at the dg level, anduse Thm1 (Reid: R is a hypersurface ) . ✓

Rhs: We have H*T = A ☒ ktñ']
,
tuk2

,
so A determines H*p

but T is not formal ! Nevertheless, there is hope because of the

following new approach. inspired by G. Jasso 's online mincoursc
last week at Isfahan

Rctormulationusing cluster - tilting objects
←

Let Tc- Cp = sg/R) be the image of PeperT under perp → Ep =

pert/DtᵈP .



Amiot '09 : Tis a 22-1 - cluster - tilting object of Cp [Iyama
'

07]
,
i. e.

addCT) = {✗c- Cr I ExtiIT,✗1--0, f ie 22-1 }
closure underfinite
direct sums and retracts = {✗c- Cp I ExtiIX. 1-1=0, tie 22-1}.

Moreover
, we

have A = Hop= Ender,¥
non derived.

The DW conjecture is implied by the more general :

CT- conj. : If C is a dg - enhanced triang.cat. (+ some technicalhyp.)

containing a 2=4- cluster - tilting object T, then C is determined

by Endelt) (non derived!) up to quasi - equivalence of

dg categories.



31

Rk: This means that the higher structure (the dg enhancement) is completely
determined by lower structure (the non derived Endeft) ), which
is surprising. We wouldget the DWConj. as follows :

CT-conj.contraction alg.)=EndeplT7nno@p7jg-8goegRlTEFRmptoisom.N=(of a res. of R

Rb : There is hope for the CT-Conj, because of the following 2 facts :

① Thm (Muro '

221 : Let E be a dg - enhanced triang. Category G-hyp.) containing
a 12T -cluster - tilting object T. Then C is determined by
Ende CT) (non derived) up to quasi

- equivalence of dg categories.
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Examples ofcat. with 12-1 - clutter - tilting object : sglR), where R is a simple singularity

ofeven dimension .

② Surprising feature of Iyama 's
"

higher
"

homological theory : Manyphenomena

occurring in dimension 1 do generalize to higher dimensions !
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Appendix Ai Possible CDV quivers
so I
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AppendixB:_ Other constructions of P

B.1 Via tilting bundles (VDB
'

041
y

Let G, . . , Cn be the irreducible components of the exc. fibre. c.

We have an isomorphism Pie (Y) ~
> 21h

,

L (degLlc;)/≤i≤n .

f
Let Li , Kien , be line bundles s.tk . deg@i/g.) = orij . Define ÉpecR

Ricoh147 as the
"

universalextension
"

O → Gysi • Me o Li ° 0

associated to a minimal set ofgenerators of the R-module Hᵗ(Y, Li
'

) = Ex-11(Li
, by ) .

Then J=0y⊕Ñi is a tilting bundle on Y. Let ee EndCJI be the idempotent corresponding

to the direct summand Gy of J and F = End(T). Then A- ↑/(e) and T = F↑(e).
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The functor f* : why → modR sends J to a cluster - tilting Cohen - Macaulay module T

(cf. B2) and induces an isomorphism End(J)→ End,z(T) so that this construction agrees

with that of B.2 .
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÷tyB.2 Via Cohen - Macaulay modules

c.cm/R1--1MemodR/ExtflM,Rl--0.V-i > 0}
.

Facts : em/RI contains a dealer - tilting object T ii. e- ¥=spIr
1) Ext ' (T, T) = 0

2) V-MC.cm/R1
,
-7 0 → T,

→ To-14--0, Ti c-add(T)
.

Ñ - Enda/Tl is independent of the choice ofTup to derived equivalence .

We have T=Rm⊕T'
,

where T' has no summaries R. Let e= 8^8] c- End# .

4

→ A Tar Ende ITI/(e) and PTee Enda CTI/ (e) .

derivedquotient .
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B.3 Pictures : Mathematicians cited in the sketchofproof of Thm 1



G. Hochschild 
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