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Lecture 2

Reminder

k a field , A a k- algebra (assoc, , with 1, noncom.)
.

a 1-0 [a, ?]

CIA
,
A) = Hochschild cochain complex

= (A → Horn
,
/A.A) → Homie /A-☒A. A) → . . .

)

CIA
,A) carries : an Ax - alg. structure , brace operations Mme ,

kid≥ 1

← augmented bar construction % %
B+@A.A1) carries : a differential ,

a malt
.
Btc ☒ Btci → Btc

Bt(CIA
,All is a dg bialgebra ⇔ : CIAA) is a Bo - algebra ,

Even a brace alg. : Br = By/(mine , K>1).

kontsevich-soi.be/man'99:kEz--Brifchark-- 0.

Next : Functionality of the Bo - structure on Hochschild cochccins



g

Not
. : DA = unbounded derived category of ModA- - {allright A-modules}

objects : all complexes
- - - →MP→ MP"→ . .

. of right A-modules

morphisms : obtainedfrom morphisms of complexes by formally inverting
all quasi- isomorphisms s:L-M lie.

H*s :HI 4*19) .

Thin 11031: suppose that ✗c- DIAOP☒ B) is such that ? X : DA→ DB is fully

faithful. Then there is a canonical
"restriction

"

morphism

Ms
×
: CCB, B) → CIA

,A)

in the homotopy category of Bj algebras (defined as the localization w.r.li.

allq.is of the cat. of Bs algebras) . It is invertible if ✗¥? :@439)→D(A7)
is also fully faithful.
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for. : If A = A◦ ⊕ A. ⊕ . _ .
is an IAdams -7graded Koszul algebra and

A
!
= ④ExtPalAo , Adq ) is (Adams-1graded Kosak dual? we have
pig.

CIA
>A)
= CIA "

.
A ")

in the homotopy category of (Adams-Igraded B-* algebras .

Rk: Preservation of the Cupproduct is due to Buchweitz

Idea ofproof: Use ✗ = ④Rtloma (Ao , Ahq>) c- @
Adams

(A☒ (A!)7)
. ✓

g. C--2

①
viewed as a dg algebra for the differential degreep with D= 0



"

sketch of the construction of nesx : C:(B.B)→ CIA, A) in the Thm :

!
day category G with 2 objects

Let B

6=18 ✗B) =
"

glueing
" ? ×

.
?

<

This is a day f- differentialgraded) algebra . Let CIG.6) be the product total

complex of the Hochschild cochain complex of 6. Let R=%% ] c- [◦ %) .

Let CRCG,6) C- C'(6,61 be the
"

R- relative
"

subcomplex given by
Hom're 16

"

,
6) C- Homie (6*16) .

/Categorical interpretation : Cr /6,61 is the H.cochain complex of the dg category G with

2 objects) . The inclusion 16,67 ↳ (16,6) is a g.is of Bj algebras .
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Idea : Cake, 61 is
"

intermediate
"

between CCB, B) and CIA, A) :

CRCGGI
"
% CIA

,
A)

rests j !

CCB, B) -

-
-

-

-

'

= : Ms
,

We have the diagram

4216,61
"%

° CIAA) •
~

Rtomae /A. A) A

faithful-

resp
2 ⇐ ☐

h
2 ⇐ 2 action ⇐ 2 ness

o o o ☐

CCB
/B) ° RHomaopo.gg/XiX7s~RHomaelA,RHomp1XiX7lRHomplX.X)

Here resp and Ms
,}
an morphisms of Bo- algebras and Msg is a quasi- isomorphism .

We put my
=

resa ° Ms,j
'

. ✓



Kenji Lefèvre-Hasegawa 
                in 2003
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ohitdxalgebrasandmonoidalcategorieslafterlowerrvandenpxrgI and Lurie )

V a homologically unital Bs algebra .

ModV = {homolog. unital right Asmodules over V3

DV = derived category = (ModV)Iq.is
"]

Lemma : DV
"

is
"

a monoidal triangulated cat. with unit I=V.

Proof/sketch) :

✓¥= Vtk = associated augmented Asalgebra , C+ = Btv = T
'

(EV).
←

= unitpotent
Gm(Ct) = I wcomplete right dg Ct

_ comrades }

It becomes monoidal for with unit K since Ct is a dg bialgebra .
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We have

Dlvt) - Modvt← Modu • µodV)IqiÉ] =

←
monoidalwithit Hi Mr H unit V

D
"

(E) a Comet ← Comet)a,
☐ (come)+L(RqiÑ

']

hedeñved category tensor ideal in Comet monoidalwith unit RV

Here
,
we put R = ? E , L = ?Vᵗ , I :C

+
→ IV = v → Vt can

. twisting cochain . ✓

Rk : It follows that
perth =perfect derived category = thickLV) C- DV

↑
is also monoidal triangulated with unit V. closure under -2+-1

,
extensions

,
retracts

Thus
, perks is a unitally generated monoidal triangulated category .



W. Lowen  in 2008 M. Van den Bergh
1960-

15better:small
,
IE
,
- monoidal

,
stable

,k-lin.
• - cat

.

Philosophy :
"

Every
"

unitallygen.mono-idatrian-g.cat. shouldbe of thisform !

Thm (Lowen - Vanden Bergh, 2021) : let 1A, ☒ , I) be a monoidal k- linear category s.tk.

a) A is abelian 1but ☒ is not supposed exact !)

b)A has enough projective and ?☒ P is exact forprojective P.

Then V - REnd!It carries a Bo- structure Sith
.

can : perv→ thickII) C- Dt
v o I

becomes monoidal.

Example : A an algebra, A = Mod@e) = {A- bimodeeles}
,
☒ =
,
I=

aAa .

Then V = Rtlomae (A.A) = CIA,A) as a dg algebra luptoqis)

and 1- VDB show that their construction yields the classicalBjshr. (up to qis) .



Jacob Lurie, 1977-
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Non example : ✗ a top. space, A = 8h IX. 1-b) , I = b-
× .

Then REndtx-ctsglx.br) has Bauer ' Bishr. but the

Thm does not apply because A does not have enough projectiles.

Lurie 's 4hm [HA
, Prop. 7, 1.2.8]

Let R be an F-2- ring spectrum .

Let ②
•
R be its a- enhanced derived category I = Moda in Lurie 's not. ) .

Itunderlies an IE
,
- monoidal stable • - cat. ⑥• R)☒ (= Mod, ) .

It is compactly generated by the tensor unit I- R .

Let perrxlr) be its subcat
. of compact object,T

"e. retracts of iterated extensions

of shifts of R
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per•lRl☒ is a small IE, - monoidal unitally generated stable • - category.

Thm (Lurie) : The construction R↳ pero LRP yields an equivalence of x - cat.

3 Ez - ring spectra }
-

> {small E
,

-monoidalUnitallygen. stable • - cat.}

Rk: Let k be a field of characteristic 0. Then the k- linearized F-2-opened kEz

is quasi- isomorphic to the brace openedBr[KS99] .
It seems very likely thatwe have the

corollary inprogress tfasso) : The construction V perdglv)☒ yields an equiv. of ✗ - cat.

{Bro - algebras }
-
• {small KE, -monoidal unitallygen . stable dg eat. }

← i. e. htpy Br - algebras
Rk: Recall that the brace operad.BR is a quotient of the Bio -opera Bo :

Br = Bo /(mk
, e ,
K > 1) .
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o

the converse (!) :
? KV c- { Bo - algebras }

- -
-

-

-

, ✓ to V/1mn,e , K> 1)1. '

'

"""""

÷.⇔.

☐

(per.gr)☒ c- {
small E' -mon'

}← {Bro - alg.}unitallygen .
stable dg cat.

This suggests the picture

☐

Bo / 1mn,e , K>1)

More on this at a future minicourse !


