
G. Hochschild 
1915-2010

1
GAP ✗V11 - Vancouver

, May 16-20,2022

By -structures, monoidal categories and singularity categories

Plan : 1. By -structures : From Hochschild to Gettler-Jones

2. Functionality of the By - structure on Hochschild cochceins

3
.
Boy - algebras and monoidal categories (after Lowen - Vanden Bergh)

4. Bo- structures for singularity categories

1. By -structures : From Hochschild to Gettler-Jones

k a field , A a k- algebra (associative, with 1, noncommutative)

HH
"-
IA) = Hochschild cohomology of A 11845)

= H*GIA, A)
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CIA, A) = Hochschild 6chain complex

= (A • Homa 1A,A) - Homa /A-☒A,A)→→ Honk /A ,
A)→ . . . )

a i→ (b↳ ab- ba), D /→ Iacob↳ ④a)b- Dlab) +a Dlb))

We see :
1-11-10/A) = centerofA = {ac-A/ab-_ ba.ttbe 173=-211-1 : a com. alg, !

HH"(A) = OutDez /A) : a Lie algebra !

Ae = A☒Aop
, a Aa =

"

identity bimodal
"

Cartan - Eilenberg 11958) :

HH
*
(A) = Ext¥e (A.A) ,

an algebra for the capproduct u .
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Gerstenhaber 11963) : • HH
"
/A) is graded commutative !

Modern argument : AAA is the unit in CDIAE)
, ¥ ) .

• HH# +11A) is a graded Lie algebra : Gerstenhaber bracket,

which controls the deformations ofA.

Getz/er -Jones (1994) :

(CIA,Al
,
u
,
brace

op. ) is a Bo
- algebra .

"
B
"

in
"

Bo
"

for Banes 11881) :

city IX. 2-17 is a Bio - algebra .

↑ topological space
singularcochainsMon.cat.i@lShlX.Ab))

, "e× )
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Brace operations lkadeiohri" 19881 :

\¥y¥%
Ctu/ U, . . , v3 =[ ±

y
Rk : 1) The Bo -structure contains all the info , e.g. we have

[c
, u] = CZUJ I Utc}

.

htpy
2) Itis fundamental in @most) allproofs of Deligne 's conj. : 1EzG CIA,A).

Def. (Gettler -Jones
'
94) : A Bjalgebra is a -21-graded vector space V together with

a dg bialgebra structure ( 1-4-24
,
A
,

E
,
M
,
1
, d) ,

where 1A
, e) is the deioncatenation coalgebra structure on

Btv= 1-<(EV) = k ⊕EV⊕ . .

④⇐V)☒P⊕. . .
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Rks : 1) Here Btv is augmented (by def. ) but V neednot be .

2) The differential on T
'(EV) yields an Asalgebra structure on V .

In the sequel, we often suppose it is homologicalCy unital, i.e. H*Vis unital.

3) The Bo - ope-ad is a dg openedgenerated by operations Me , l≥ 2, giving
the Aa - structure and by mine for Kil ≥ 0 describing the multiplication
Btv ☒ Btv → Btv

.

The braces operad is the quotient by the opened idealgenerated

by the Mme , K≥2. It acts on CIA,A) for any (As) algebra A. It is quasi-

isomorphicto the Ez - opened in char. 0 (Montierich- Soibe/man
'99
, cf. WillWacker

'
16
,
section 3).
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2. Functionality of the By - structure on Hochschild cochccins

LetA, B be k- algebras.

Rhs: If f:A→ B is an algebra morphism , it usually does not induce a morphism

between the centers 2-(A) - - -→ 2-(B) and hence cannot induce a morphism in

Hochschild cohomology. Butwe can gain some functionality by passing to module

categories: We have a can . isomorphism
2.(A) o

~ 2-(ModA) = : End(Iduna )
YA o ' p

where Moda = {all right A-modules} and End(IdModa ) is the

endomorphism algebra of the identity functor Idmoda :Moda→ Moda
.



7-

Thus
, if F : Moda -0 ModB is any fully faithfulfunctor, then we

get a Mrhiction morphism

F.
*

2-(ModB) ° ZIMODA)
,
(Ypg ) 1 • (%) s.tk.

I

,

I ✗L '→ 4FL
v in a

2-(B) - - - - - → 2-(A) End(L) EndlF4
F- *

Aim : Construct a
"
derived analog

"

of F
"
: 2- (B) - - - • 2-(A)

,
where

the centers are replaced with Hochschild cochain complexes together

with their By - structure.


