Cluster algebras, Higgs categories and

braid group actions

Bernhard Keller

Université Paris Cité

Scan to download the slides

GAP XX
RIMS Kyoto
April 16-17, 2026

B. Keller (Paris) Higgs categories 2026/04/16 1/31



ﬂ A bit of history
e Cluster algebras (without coefficients)
e Cluster algebras with coefficients

e An introduction to Higgs categories

B. Keller (Paris) Higgs categories 2026/04/16 2/31



ﬂ A bit of history

B. Keller (Paris) Higgs categories 2026/04/16 3/31



(an, bais /Total pr
Geoge Lucelsy
parly JOs

George Lusztig

Lled) ter d\fé:f/@’
POy — Zel r-'w'r/{r/{’y
200/

S. Fomin A. Zelevinsky, 1953-2013



(an. bases /75/4/ Yo

Harrg - Kashiware - fiim-0h Geoge Lucztry
’ v,
(s & 75 galy JOs

¢7wz_r, of puanicer //7220;, Z-C5 car,
&'{ﬁ'ﬂt Jye//ef Bucan- Hauhs- f2ireke-
/s rnatez-Lecttrc 0F < y /I»/H ‘i Resitr, - Todorov “O%
Lz = oty
Ty s ter ajv://@” |
asserete g, syt — Fomui— Zelevirhy
Forin - 220 0/ 200/
4 0
V22 feamdg”
G lopan- (?Zy/'m— J7200 707 7//‘7,
Vaipshtern DR Gross- Hac 7~ fee l-Hoprts. V¥
%yz}'z - Bowsseare 22 )
%‘7/(/ 74_/%/72 . D7 - %(07
FDA - Gonetarov' D3 Hopts.—owd. U8

/l/arjao 7



(an. bares /72;/4/ .

Narsg - Rashivars - frim=Oh Geoge Lurelyy
%, 95 @i V5 ga/? Ts

07011_(‘, 0/ fkaﬂ/m z//zsz, Z-CYcat,
&'{ﬁ'ﬂt Jye//ef Gucan-Haifs- foireke-
s randez-Lecttre 09 - /// irt Ferrtn - Tadorov “O%
& % 7 ot
Ty s ter ajv://@” |
Aoserele dy/?, ﬁyw/, / Formiir— Zelevizshy %m//ec//z 52/0,
Forren - 22l Of 200/ \ el — Gao 20
Va4 Casals - bonrky - Gorky ~Le -
Hhen -irprendal 7 2
V22 feamdg”
G lopan- (7270/'/0— J7200 707 7//‘7,
Vaipshtern DR Gross- Hac 7~ fee l-Hoprts. V¥
%yz}'z - Bowsseare 22 )
%‘7/(/ 74_/%/72 . 27 - %(07
FDA - Gonetarov' D3 Hopts. -Owd. U8

/l/arjao 7



(an, bares /75/4/ y s
Geoge Lurelyy
ga/? FOs

A’axy - fashivaras - A’/m -04
7%, 95 &in /5

reprs. of /mmﬂ/m

q{ﬁ'ﬂz aﬁe//ef
/s rnatez-Lecttrc 0F .

= Leater d\?:f/df
W:j’(/é/t ac V7, SHS vé 5mzh—&/fyxbffy
21720 —/ &/,/’&/ — 200/
A 70

/]

/Sssomn geopnets
ée/f//ma%a—. (76?0/'/{-
Vaashtecn DR

FOCA - Goneswov' 03 27 - %(07
Hopts.-wd. OF
@(Mélm /{/4/%, /'/?fﬂﬂ //0

gC. arnpl iy
Ay hari - flerned £ Trnka 13

Z//?sz?f. Z-C5car,
Bucan-Hauds- fireke-
//// ( 'e‘ Ferven - Todorov “O%
3

7% m//ec//.lf zé/ﬂ
/(Z{fé(/ - Gao 20
éM—éoﬂrf;-é'o/f/ - fe -
Iber-Iimmrendal 22

7200707 /47//7
Gross- Hac 7~ fee l-Hoprts. V¥
%ﬁ‘}} — Bowssecwe 72 )

J?ﬂ/y /4(07

B J7erk pocns
Gucio (8o Heon - Meusehe ‘08




/%5t /#/Z ol trareraction

(an. bees /70-/4/ .

/d?“&f/lk¢/¢’ﬁ'ﬂ'z-aﬁ é,@{fd /ﬂ/?ﬁ;
%, 95 &n 75 ga/? JOs

4«7;/{, of fk&ﬂ/m //7'4/7, L-C5car,
q/”ﬁ'ﬂz aye//éf Bucan-Hauss- fireke-
/s nanaez-Lectrc ‘09 S 4i1¢ Rerver - Tadrov ‘O%

{
< =7
e amley””;

= Leeeter 4\7:.//@’
doscrete Aoy, st Pormn— Zelevinshy 7% /n//ec%/'( é/ﬂ,
o700 -/ &/,//ﬂ/ / 200/ \ /Kwalr - Gao 20

4 0 &M‘-é’o/\r{;-éﬂﬂf}—é‘ -
Ien-Frrmendal 22
V22 J(am(/g
GAAlpan- Fhowiro - M/)/O/ SGr77.
Vapshtern D2 Gross— Hacking- fee - Horids V#
%//e/ Vet Ui @?az ~ Bowssecwe 22)
FOA - Goretaov' O3 27- %zag
Honts. —owd. U8 Hoong theor
Gucentlr fut( . Magao LAV
s¢c. 2 < V2, Gocoloo- Koo - Meupeke 08

Ay hani - temed £ 7rnka 7



o tvation for ii rrecaciocsse

Can. beres /%/a/ .

/fd/;/ -fashiwvara - W Georse /. ﬁ/fflf
%, 95 @in V5 ga/? FOs
¢~7wzr, of fzm/z/m
q/ﬁ'ﬂ: aye//m’
o ranaez-Lecterc QF o,
&
4,5%0_
= V27779, 2% af:&/m
%3’(/4/( d///i, 5'/J/ / /%'m/h—,ge/ew'ﬂf/’;
Formn - 22l 0f 200/
H 0
/Sss0n geommets
é:///mai Ly /'/{-
Vapshtern DR
/5?(’//(/ Tewtin., .
FOCK- Gonctaor D3 D7 - %zag

Hopts.-owd. U8

Quanttyn fubt 4.

8C. arnplitiaes
Ay hans - tamed £ 7rnka 73

/@aa 7

Z//?'ﬁf?f_ Z-C5car,
Bwcan- Hauls- foirekhe-

; /d[/ : : { Rervlr - Jocorov “O%
]
o
%M//z&#& ﬁ/ﬂ

éfé/f’ébm{/-é'a/f/ -fe -
e -vrprendal '2 2

7200708 G177,
Gross- Hac el l~AoroZs. J#
/4?&}'2 - Bowsseawe 22 )

f/ﬂy //fa{}

B/ frart owni
Gz lilo-Heon - Mespeke 08



e Cluster algebras (without coefficients)
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The basic combinatorial input

Cluster algebras (without coefficients)
are associated with
quivers.
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A quiver is a container for arrows
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A quiver is an oriented graph

Definition

A quiver Q is an oriented graph: it is given by
@ aset Q (the set of vertices)
@ aset Q (the set of arrows)

@ two maps

@ s: @ — Q (sends an arrow to its source)
o t: Qy — @ (sends an arrow onto its target)

v

A quiver is a ‘category without composition’.
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A quiver may have loops and cycles.

We have Qy = {1,2,3,4,5,6,7}, Q; = {a, 3, .. .}.
ais a loop, (5,~) is 2-cycle, 7 is a source of Q, 6 is a sink of Q.
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Quiver mutation

Let Q be a finite quiver without loops nor 2-cycles with Qy = {1,...,n}
(always assumed from now on).

Definition (Fomin—Zelevinsky)
Let j € Qo. The mutated quiver 1;(Q) is the quiver obtained from Q as
follows
1) for each subquiver i—ﬁ>j —2- k, add a new arrow
i [a8] e
2) reverse all the arrows with source or target J;

3) remove all 2-cycles (e.g. e < e yields e —> o).
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Simple examples of quiver mutation

A simple example: 1
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More complicated examples: use a computer!

https://webusers.imj-prg.fr/"bernhard.keller/quivermutation
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Recall: We wanted to define cluster algebras!
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Mutation of seeds

Definition

A seed is a pair (R, u), where
a) Ris a quiver with n vertices;
b) u={uy,...,uny}is aafree gen. set for the field Q(x1, ..., Xn).

Example: (1 — 2 — 3, {x1, X2, X3}) = (X = X2 — X3).
Definition
For a vertex j of R, the mutated seed p;(R, u) is (R', '), where
a) R' = w(R);
b) v =u\{y} U{ui}, where u; is defined by the exchange relation

u = [T vi+ ] uw

a!rOW‘S a‘TTOWS
i—j j—k
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An example

X1 —> Xo —> X3
s HZI H3

1 +X2 1 +X2

<— Xo = X3 X1 <—

P N NN

X1 +X
o< X3 X == Xp <=
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Clusters, cluster variables and the cluster algebra

Let Q be a quiver with n vertices.

Definition
a) The initial seed is (Q, x) = (Q, {xy, ..., Xn}).
b) A cluster is an n-tuple u appearing in a seed (R, u) obtained from
(Q, x) by iterated mutation.
c) The cluster variables are the elements of the clusters.

d) The cluster algebra Aq is the subalgebra of the field Q(xq, ..., Xn)
generated by the cluster variables.

e) A cluster monomial is a product of powers of cluster variables
which all belong to the same cluster.

If Q is mutation equivalent to Q’, then Aq = Aqg.
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Fundamental properties

Let Q be a connected quiver.

Theorem (Fomin-Zelevinsky, 2002)
a) All cluster variables are Laurent polynomials.

b) There is only a finite number of cluster variables iff Q is
mutation-equivalent to an orientation A of an ADE Dynkin diagram
A. Then A is unique and called the cluster type of Q.

Examples for a) and b): Az, Dj.

Positivity Theorem (conj. by Fomin-Zelevinsky, 2002)

All cluster variables are Laurent polynomials with non negative
coefficients.

Proved for quivers by Schiffler—Lee (2013, combinatorics) and for
valued quivers by Gross—Hacking—Keel—-Kontsevich (2014, tools from
mirror symmetry: scattering diagrams and broken lines).
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