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The basic combinatorial input

Cluster algebras (without coefficients)

are associated with

quivers.
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A quiver is a container for arrows
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A quiver is an oriented graph

Definition

A quiver Q is an oriented graph: it is given by

a set Q0 (the set of vertices)

a set Q1 (the set of arrows)

two maps

s : Q1 → Q0 (sends an arrow to its source)

t : Q1 → Q0 (sends an arrow onto its target)

Remark

A quiver is a ‘category without composition’.
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A quiver may have loops and cycles.

Example

Q : 3

ω

!!

5ε
""

##

##

##

6

1 ϑ
## 2

ϖ
##

µ
$$

4
ϱ

%%

7

&&

We have Q0 = {1,2, 3, 4, 5, 6, 7}, Q1 = {ω,ε, . . .}.

ω is a loop, (ε, ϑ) is 2-cycle, 7 is a source of Q, 6 is a sink of Q.
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Quiver mutation

Let Q be a finite quiver without loops nor 2-cycles with Q0 = {1, . . . , n}
(always assumed from now on).

Definition (Fomin–Zelevinsky)

Let j ↑ Q0. The mutated quiver µj(Q) is the quiver obtained from Q as

follows

1) for each subquiver i
ϖ
## j ε

## k , add a new arrow

i
[εϖ]

## k ;

2) reverse all the arrows with source or target j ;
3) remove all 2-cycles (e.g. •

##

##

•%% yields • ## • ).
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Simple examples of quiver mutation

A simple example: 1

''

2

((

3%%

1)

1

""

2

))

##

3%%

2)

1

**

2
##

3%%

++

3)

1

**

2 3

++
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More complicated examples: use a computer!

https://webusers.imj-prg.fr/˜bernhard.keller/quivermutation

1

2 3

4 5 6

7 8 9 10.

,,

--

%%

..

//

..

--

%%

..

--

%%

,,

--

..

--

%% %% %%

1

2

3

4

5

67

8
9

10

00

11

22

33

44

11

55

66

77

88

1

2

3

4 5

6

7

8
9

10
99

::

;;

<<

==

>>

??

@@

AA

BB

Recall: We wanted to define cluster algebras!
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Mutation of seeds

Definition

A seed is a pair (R, u), where

a) R is a quiver with n vertices;

b) u = {u1, . . . ,un} is a a free gen. set for the field Q(x1, . . . , xn).

Example: (1 → 2 → 3, {x1, x2, x3}) = (x1 → x2 → x3).

Definition

For a vertex j of R, the mutated seed µj(R, u) is (R→, u→), where

a) R→ = µj(R);

b) u→ = u \ {uj} ↓ {u→
j}, where u→

j is defined by the exchange relation

uju→
j =

∏

arrows

i↑j

ui +
∏

arrows

j↑k

uk .
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An example

x1
## x2

## x3

1+x2

x1
x2

%% ## x3 x1

CCx1+x3

x2

%% x3
%% x1

## x2
1+x2

x3

%%

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

DD

µ1

EE

&&

µ2

FF

GG

µ3

88

HH

µ2
II

$$

µ3
JJ

KK

µ1
LL

MM

µ3
NN

OO

µ1
!!

PP

µ2
QQ
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Clusters, cluster variables and the cluster algebra

Let Q be a quiver with n vertices.

Definition

a) The initial seed is (Q, x) = (Q, {x1, . . . , xn}).
b) A cluster is an n-tuple u appearing in a seed (R,u) obtained from

(Q, x) by iterated mutation.

c) The cluster variables are the elements of the clusters.

d) The cluster algebra AQ is the subalgebra of the field Q(x1, . . . , xn)
generated by the cluster variables.

e) A cluster monomial is a product of powers of cluster variables

which all belong to the same cluster.

Remark

If Q is mutation equivalent to Q→, then AQ
→→ AQ↑ .
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Fundamental properties

Let Q be a connected quiver.

Theorem (Fomin-Zelevinsky, 2002)

a) All cluster variables are Laurent polynomials.
b) There is only a finite number of cluster variables iff Q is

mutation-equivalent to an orientation ϖ! of an ADE Dynkin diagram
!. Then ! is unique and called the cluster type of Q.

Examples for a) and b): A3, D4.

Positivity Theorem (conj. by Fomin-Zelevinsky, 2002)

All cluster variables are Laurent polynomials with non negative

coefficients.

Remark

Proved for quivers by Schiffler–Lee (2013, combinatorics) and for

valued quivers by Gross–Hacking–Keel–Kontsevich (2014, tools from

mirror symmetry: scattering diagrams and broken lines).



3
. Cluster algebras with coefficients

Rh: Coefficients are essential when we want to

-

identify chuster algebras with word, alg. ([X] of varieties X.

- "glue" chester algebras le.g. in Fock-Goncharou's "amalgamation" construction)
- construct (quasi-cluster automorphisms of cluster algebras

Ded: An icequiver is apair (0. F) where Q is a finit quires (who loops nor2-cycles)

and FQ a subquire (notnecessarily full) called the frozenpart.

3

Examples : A #Is-
J

a
Sos1 8 < I

Z (

S
Y

8

IXI

Fock-Goncharov s variety↳
Gr(4,9)

of "triples offlags in PSLs(IR)".-



Let19, 7) be an ice quiver and suppose thatRo=
&Fo

Ded: The cluster variables for (R.F) are obtained by iteratively mutating the

initial seed (R
,
Sx
,,.., "m3) at non frozen vertices.

coefficients =frozen cl. var.
-

Prop. (FE'06, RefinedLaurentphen) : They lie in Res ... a
, kn+ ..., km] .

Day : AgiF = cluster dy, with non invertible coff.

= Qant
,..., em]

-subay Of Pla -, em) gen, by the cluster variables

Rh: The combinatories of the cluster algebra Ar
.
F

are "the same" as those of the cluster algebra A

without coefficients, where E is the non frozen part ofQ (Cerulli-K-Labardini-Plamondon'13).



Examples : 1) N=< lab
,ce]SL(

3 x, 1
- G

R
,
F ; I =>

~
- CIN] x2 + ac - b

- S
1 8 xz +- b
Z (

2) Geiss-Leckic-Schroer'OS : Moregenerally , let R be a Dynkin quiver , e.g. S

Bio o Ri do.
Yo

Let R = Op be its "g-cy-completed Auslander - Reiten quiver" , e.g.

[ [

E = ⑤ L ⑤ =

[ op [ [
&

W [ E E



Then there is a can, isomorphism
Sa

,FoIN,
where NCG is any max, renipotent subgroup of the simple alg. group 6 of the saree type as Q.
-

3) Gr(kin) = Plucker come over the Grassmannian of K-dim. subsp. in K.

n-k columns

t Are SI
&

N

I-↑ If ↑-4L L

-> + - desteD JQ
, Fi

I-↓ If I↑ k rows variables3PickratesM

L ↳
-- 0 + 0 - + ID

&

L
-

A Plucker!K ! exchang relationsz I

--
-

Er (4
,9)



4. An introduction to Higgs categories

4
.
1A class of typical examples

Let R be a Dynhinquiver , e.g. Rio or R: Let b = C.
J

let 1 = Op be the preprojective algebra of R, e.g.
a(a+, - b+b = 0, bb *-a = 0, aa* = 0.-L

· +
Let mode be the abelian cat of G-fin-dim. right 1-modules.

Let 12 6 be
anymax, unipotent subgroup in the simple alg group 6 of the sarrie type as Q.

Tha (Geiss-Leclerc-Schroe'06) : There is a canonical explicit cluster character

y : mode
- KIN]-AR

,F

inducing a bijection -
Ext =(x,x)=0

reachable rigidS indecomposables blisom. (CuYIN
ofmod



Peter Higgs, 1929-2024

Yilin Wu 吴燚林

Rh : Modules over apreprojective algebra 1 am the algebraic analogues of

Higgs bundles on a curve. The cat
. modly is a typical example of a Higgs category.

4
. 2 Higgs categories

Let R?F be an ice quiver and Wa non degenerate potential onQ (cf. App. 1).

Tha (We'23
, K-Wu) : Undermild finiteness assumptions on RF, W (f. App.A), there is a canonical

extriangulated category Ha. Fiw , the Higgs category, and a can explicit cluster character (cf. App. +)
#

Nakuoka Palu'19, - actually : Na, F = supper cluster alg.

e.g. htpy cat, ofan
CG : Har

,w

- Aa
,F

exact o-cat.

inducing bijections -
Ext =(x,x)=0

↳

reachable rigidS indecomposables Glisom.(cuYCIN
of Ha

,
F, W

[indec, projectives]/icone. = ↳officientavar.



Examples : & In the situation of Geiss-Leclerc-Schroes, i.e. R Dynhin , R = &R ,
W= Wan , we have

Haitian modle , where Me is the preprojective algebra of R.

2) If RIF is the ice quiver of the Grassmannian Golkin)
,
we find that Ha,F, w is

can

Jensen-King-Su's (2016) Grassmannian cluster category of Cohen-Macaulay modules (m(B),
D

B=E
,

/(xk -yn
- k). Hom-infinite !

3) For Q2F : 1 28
,
W = 0

,
the Higgs cat. It is neither exact nor triangulated (but extriangulated).

Its Auslander - Reitenquiver is
P ⑧ p

--- so -o

T

s
--...............---

Tr 2T, Tr

*
identify
-

1) For varieties of triples of flags (Foch-Goncharov, Jiarui Fei, Fan Le, .... Linhui Shen) of type A,



Miantao Liu 吴燚林

we also obtain strictly extriangulated categories HA ,
as shown by Miantao Lin.

Some more examples of the corresponding ice quivers :

A =A
, 1 =Az A = As

17 < El
1 17

↑
2 -

T

[

-
= - -

i
A ·
I

S
XXX
-

1

↑ -X
is it J

1-Es
A =Dy

&



Merlin Christ

Alexander Goncharov  沈临辉 Linhui Shen  

4
.
3 Application : M. Christ's categorification of higher Teichmiller spaces
Than (Goncharov-Shen '19) : Example : --

Byglueing varieties of triples offlags

of Dynkin type A following a triangulationiofa marked decorated surface s, we obtain

the higher Teichmiller space HTS
, A
.

⑨

Thin (Marlin Christ 25) : &
8

N

⑨

⑤

⑨ ::: =

g S 3

&

① G
- A 27 &

T ⑨ -Analogously, by glueing copies of 8 : glue
3

z T J

*
⑳

T

Miantao Liv's category Hy , we obtain J

an additive categorification of HEA



Victor Ginzburg
(Chicago)

4
. 4Construction of the Higgs category

k = C
,
(0, F) an ice quive (@ finite, who loops nor 2-cycles)

RQ = (completed)path algebra
-

assumed non-degenerate" eg."generic"
WEHCo(Ra) a potential1= formal linear comb, of oriented cycles in 9)

Associated Ginzburg morphism

U : THIRF)
- TIGR

.
GF
,
W

with rel
. left 3-(4-structure (Yeung 16).



3

I

al 6

Example : to
a "o, ,

W=ab
2

⑮
2-dim. Ginzburg> Th (RF) : c

(c)= (c) =0

algebra Itil=-1

C dtz = -ic , dt, =c

z v
V

#
3
,
W = ab

It,l = -23-dim.
rel

. Ginzburg alg.. 8 - (a) = 15) = -1

13 (ha, kF, W 10.
t

da = &W =bc
-

db = OgW =c

Nontrivial exercise : Show that H
*

Tg... ) is come, in degree 0.



Abbreviation : TIz(F) > TI3(bQ
,
RF
, W)

Ll

# T

*T = <rightdy T-modules] [Ris] = Unbounded) derived catofT
Ul

pert = (DN" = thick(iv) = perfect derived cat ofT

" = simple 1-dime, dg N-module come at itQ

addi = closure under finite coprod, and retracts of in in DT

er
= Zei lei =path of length O at it Ro)
it Fo

Put

8 = add le_↑) & part.



Fromnowon
,
we make the following finiteness assumptions :

1) P is functorially finite in addt;
↳-2) dimHoT,a,w - remove the frozenpart in 19.W)

Dop.: In = relative clustercat =

pe(T)/thich(S:)ieFo
UI full

Hp = Higgs category = >Mex / Ext(M, P) = 0 : Ext (P
, M)

,

VPEP
,
Vi>O]

Prop : a) Ep = Ip is closedunder extensions hence extriangulated
6) For X

. YeHp : ExtF(XY)
*
= Ext(y,X) (weak 2-CX-property").



-5Cluster characters

LetIt be anExl--finite extriangulated category satisfying the weak 2-C)property.

Def. (Pales) : A cluster character on It is a map X: H
- R to a coming R with

1)X = X = X(x) = X(X) ;

2)X(X0Y) = X(x)X(X);

3) For dim Ext
=
(X, 1) =1 (= dim Ext(X,X)), we have

X(XIX(X) = XIE) + XIE) (x)

where E
,
E'are given by triangles
X - E - y

+02X
,
y +E-XE2Y

RR : (A) generalizes the exchange relationxjx
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